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Abstract
The theory of sound propagation in macroscopically isotropic and
homogeneous porous media saturated with superfluid 4He has been
developed neglecting all damping processes. The case when the normal
fluid component is locked inside a porous medium by viscous forces is
investigated in detail. It is shown that in this case one shear wave and
two longitudinal, fast and slow, waves exist. Fast wave as well as slow
wave is accompanied with temperature oscillations. The velocities of
these waves are obtained.
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1 Introduction
The investigation of acoustic propagation in a fluid-saturated porous me-
dia provides opportunities to study disordered pore structures, as well as
the properties of the fluids confined in the pores. In [1] Biot developed a
simple theory of propagation of elastic waves in statistically homogeneous
and isotropic porous media saturated with a (one-component) compressional
fluid assuming that pore sizes are smaller compared to the wavelength i.e.
the long wavelength limit is considered. Biot’s theory predicts one shear
wave and two longitudinal, fast and slow compressional waves. The fast
compressional wave corresponds to solid and fluid moving in phase, and the
slow one corresponds to solid and fluid moving in opposite phase. The Biot’s
theory was experimentally confirmed by the observation of the fast and slow
compressional wave in glass bead samples filled with water[2].
Because of the unique properties of liquid helium [3], it is of funda-
mental importance to investigate the sound propagation in superfluid-filled
porous media. Below the λ-transition temperature Tλ = 2.17K, liquid
4He
becomes a superfluid and behaves as a “mixture” of a normal(viscous) com-
ponent with mass density ρn and a superfluid (zero-viscosity) component
with mass density ρs; it is clear that ρn + ρs = ρh where ρh is the mass
density of superfluid 4He(so-called He II). It must be pointed out that the
superfluid component and the normal component can not be physically sep-
arated [3]. The normal (superfluid) component fraction increases(decreases)
monotonously from ρn = 0(ρs = ρh) at T = 0 to ρn = ρh(ρs = 0) at and
above Tλ. It is important that ρn and ρs can move independently, and
therefore in bulk He II the two mode of sound propagation are possible.
In first sound the two fluid components oscillate in phase; and in second
sound ρs and ρn oscillate in opposite phase. One of the most interesting
property of He II is fourth sound mode. In fourth sound only the superfluid
component moves, when the normal fluid component is locked inside a rigid
porous medium by viscous forces, so that its velocity is identically zero.
Since a superfluid-filled porous medium is really a three-component sys-
tem, Biot’s theory is not applicable directly to this system. But, at low
temperatures (T < 1.1K), when the normal fluid component fraction may
be neglected, Johnson has shown that fourth sound mode is exactly a Biot’s
slow wave [4]. It should be noted that at low temperatures, when the mean
free path of phonons and rotons becomes larger than the pore size the hy-
drodynamical description breaks down, so the comparison to Biot’s model
should be made at higher temperatures [5].
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We have to point out that a number of authors extended Biot’s theory in
the case of two or more fluids (for review see [6],[7]). Since the fluids usually
considered are not superfluids, the authors neglected some effects, which are
actually important in the case of superfluids. Indeed, it is well known that
in the case of ordinary fluids the fountain(and/or mechano-caloric) effect is
negligible, however, in the case of a superfluid these effects are crucial. In
particular, a temperature gradient produces relative motion between the two
fluids in superfluids [3]. Therefore we have to distinguish between pressures
with a “mechanical origin” and those with a “thermal origin”, the later can
only be found in superfluids [3] whereas the former can appear in any fluid.
Moreover, it is important that the superfluid component and the normal
component can not be physically separated. Actually He II is the fluid with
additional degrees of freedom [3], but not a real mixture of two fluids.
In this paper the generalization of Biot’s theory is given in the case
of superfluid-saturated porous media, when all damping processes are ne-
glected. The organization of this paper is as follows. In Section II we apply
Biot formalism to bulk He II and derive some equations, which are used
in Section IV. Section III and Section IV give a derivation of the equa-
tions which describe the propagation of longitudinal and shear waves in a
superfluid-saturated, homogeneous and isotropic porous media. This is the
main result of this paper. In Section V the formalism is applied to the most
important particular case when the normal fluid component is locked inside
a porous media by viscous forces. Finally, in Section VI we discuss some
limits of our equations and summarize results.
2 The case of bulk He II
In this section we apply formalism developed by Biot [1],[8] to the wave pro-
cesses in bulk He II. The wave processes in bulk He II is well understood [3],
but Biot’s formalism has the advantage that it can be generalized easily for
three-component systems. Besides, in this section we derive some equations
which are used later.
The basic idea is to describe the wave processes in He II in terms of
“elastic deformations” of the superfluid and the normal components of He II.
In this formalism the pressure with a ”thermal origin” have to be considered
as an “elastic” restore force as well as the pressure with a ”mechanical
origin”. Here we present the key points of calculations, for more discussion
of details of the formalism the reader is referred to [1],[8].
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Let us define the displacement of the superfluid and the normal com-
ponents as ~us and ~un respectively. Then the displacement ~u of He II is
[3]:
~u =
ρs
ρh
~us +
ρn
ρn
~un. (1)
Following [1] we choose the Lagrangian coordinates of the system as the
six displacement components usx, usy, usz, unx, uny, unz of He II. Note that
in contrast with ref.[1] no averaging procedure is required here. Then the
kinetic energy Th of the unit volume of He II is presented as:
2Th =
∑
x,y,z
(
ρn
[
∂uni
∂t
]2
+ ρs
[
∂usi
∂t
]2)
; (2)
here we take into account that the superfluid component and the normal
component move independently. So the mass coupling parameter between
the normal component and the superfluid component equals zero [1].
Let us assume that the system is in equilibrium being at rest. Therefore,
any displacement is a deviation from a state of minimum potential energy.
Then the potential energy Wh per unit volume of He II is [1],[9]:
2Wh = σ
h
nǫn + σ
h
s ǫs; (3)
here we take into account that the shear modulus of He II is zero. We
formally separate the stress of the normal component σhn and the stress of
the superfluid component σhs (see Section III as well); they describe the
pressure with a ”thermal origin” as well as the pressure with a ”mechanical
origin”. ǫs = div ~us and ǫn = div ~un are the strain in the normal and the
superfluid components of He II respectively. From (1) the strain in the fluid
ǫ is given by:
ǫ =
ρs
ρh
ǫs +
ρn
ρh
ǫn. (4)
When there is no (nonuniform) relative motion between the superfluid
and the normal components then ǫs = ǫn and no temperature gradients exist
(see the text after equation (16)). In this case the dynamics of the system
is described by the theory of elasticity.
But when ǫs 6= ǫn temperature gradients exist and the fountain and/or
mechano-caloric effect takes place (see the text after equation (16)). We
show in this section that in this case the formalism of theory of elasticity is
applicable as well.
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In the first approximation the stress components are linear functions of
the strain components, so one gets [1]:
σhs = R
h
s ǫs +R
h
snǫn;
σhn = R
h
nǫn +R
h
snǫs; (5)
Rhs and R
h
n describe ”elastic properties” of the superfluid and the normal
components, and Rhsn describes the “elastic interaction” between them [1].
To make results more useful let us express Rhs , R
h
n and R
h
sn in terms of
directly measurable coefficients [8].
Let us now consider a volume of He II in a vessel. First we consider the
case, when none of the fluid components is allowed to escape from vessel. We
shall refer to this case as “unjacketed compressibility test”(see Section III).
If a pressure p is applied to He II (see Fig. 1), no relative motion between
the superfluid component and the normal component takes place, i.e.:
ǫs = ǫn = ǫ. (6)
So, in this case temperature difference does not exist. Fluid pressure has
only “mechanical origin” and we have [8]:
σhs = −
ρs
ρh
p;
σhn = −
ρn
ρh
p; (7)
so, from (5) and (7) we get:
−
ρs
ρh
p = Rhs ǫs +R
h
snǫn;
−
ρn
ρh
p = Rhnǫn +R
h
snǫs; (8)
Besides, in this case we have:
1
Kf
= −
ǫ
p
; (9)
where Kf is the adiabatic bulk modulus of He II.
Using (9) from (8) we get (recall that ǫ = ǫn, in this case):
Rhs =
ρs
ρh
Kf −R
h
sn.
Rhn =
ρn
ρh
Kf −R
h
sn. (10)
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Now we consider another case, when the superfluid component is allowed
to escape through a superleak, but not the normal fluid component (see
Fig. 2). We shall refer to this case as “second jacketed compressibility
test” (see Section III). If a pressure p is applied to He II, the superfluid
component passes through the superleak into the reservoir of He II. An
applied external pressure squeeze out some of the superfluid component, this
means that temperature increases in a vessel. So, a temperature difference
between the vessel and the reservoir of He II exists. As it is well known,
temperature difference between the two volumes of He II is accompanied
by a pressure difference between these volumes (fountain or/and mechano-
caloric effect)[3]. Since the superfluid component is allowed to pass through
the superleak, its partial pressure is zero. But the normal fluid component is
identified with the thermal excitations of He II (gas of phonons and rotons)
and its partial pressure is not zero. Thus, if we neglect the thermal expansion
coefficient of He II (which is anomalously small), we can conclude that fluid
pressure in this case has only “thermal origin”. It is clear that the normal
fluid component pressure equals to the external pressure (let us define it in
this case by p′), and we have:
σhs = 0;
σhn = −p
′; (11)
or using (5) and (11):
0 = Rhs ǫs +R
h
snǫn;
−p′ = Rhnǫn +R
h
snǫs; (12)
Let us define the bulk modulus of the normal fluid component Kn as:
1
Kn
= −
ǫn
p′
; (13)
Since the superfluid component and the normal component can not be phys-
ically separated, the definition of the bulk modulus of the normal fluid com-
ponent is formal. But let us point out that Kn does not enter into final
equations (18), (19); so this problem is irrelevant in this case.
From (13) and (12) we have:
(Rhsn)
2 +RhsKn
(
1−
Rhn
Kn
)
= 0. (14)
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Besides, in this case the energy conservation law gives:
−
ρs
ρh
(ǫn − ǫs)SρhT = ρhC∆T ; (15)
where (ρs/ρh)(ǫn − ǫs) represents the fluid volume entering through the
superleak [8]. C and S are the specific heat and the entropy per unit mass
of He II, respectively. ∆T is the difference between the temperature of the
fluid inside a vessel and the temperature of the reservoir of He II caused by
external pressure [3]:
∆T =
p′
ρhS
. (16)
One can see from (15) that ∆T = 0 when ǫs − ǫn = 0, so pressure has only
a “mechanical origin”. But when ǫs 6= ǫn from (15) one gets that ∆T 6= 0,
therefore temperature gradients exist.
From (15) using the first equation in (12) we can eliminate ǫs and ǫn,
and we get the following expression for Kn:
1
Kn
=
1
Kf
+
1
ρh
C
S2T
; (17)
here we have used (10), (14), (16) and definition (13) as well.
From (10) and (14) using (17) we directly get:
Rhs = Kf
ρ2s
ρ2h
+
ρhS
2T
C
ρ2s
ρ2h
;
Rhn = Kf
ρ2n
ρ2h
+
ρhS
2T
C
ρ2s
ρ2h
;
Rhsn = Kf
ρsρn
ρ2h
−
ρhS
2T
C
ρ2s
ρ2h
. (18)
Equation (18) gives Rhs , R
h
n and R
h
sn in terms of directly measurable
coefficients. These relations are used in Section IV.
Now, to demonstrate the correctness of the expressions obtained above
let us calculate the velocity of sound propagation in He II.
Using (2), (3) and (5) from Lagrange’s equations one derives the equa-
tions for the wave propagation in He II [1]:
ρs
∂2
∂t2
ǫs = ~∇
2(Rhs ǫs +R
h
snǫn);
ρn
∂2
∂t2
ǫn = ~∇
2(Rhsnǫs +R
h
nǫn); (19)
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Solutions of (19) with ~k wave vector have the form:
ǫs = Cs exp[i~k(~r + ~V t)];
ǫn = Cn exp[i~k(~r + ~V t)]; (20)
Cs and Cn are real constants, and ~V is the velocity of the wave.
Substituting (20) into (19) we find that there are two modes of longitudi-
nal waves the fast and the slow waves with velocities V1 and V2 respectively.
Using (18) we get the expressions for V1 and V2:
V 21 =
Kf
ρh
;
V 22 =
ρs
ρn
S2T
C
; (21)
The fast wave corresponds to the superfluid component and the normal
component moving in phase; from (19) one can see that in the case of fast
wave Cs = Cn [1]. This means that ǫs = ǫn, so no fountain(and/or
mechano-caloric) effect takes place and only the pressure with a “mechanical
origin” appear. This is a ordinary wave in an ordinary fluid (see also Section
V).
The slow wave corresponds to the superfluid and the normal components
moving in opposite phase. In the case of slow wave (19) gives that ρsCs +
ρnCn = 0 [1]. Thus ǫ = 0 and pressure with a “mechanical origin” does
not appear; but ǫs 6= ǫn , thus temperature oscillations exist. This is a
temperature wave which appear only in superfluids (see also Section V).
These are well known results of Landau’s theory of sound propagation in
He II [3]. Therefore, we have shown that the formalism developed by Biot
[1] may be applied to the wave processes in He II. Besides, we conclude that
bulk He II may be regarded as a fluid-saturated porous media with porosity
ρs/ρh. The normal fluid component plays the role of the solid part with Kn
bulk modulus and zero shear modulus, and the superfluid component plays
the role of the fluid. Equation (21) shows that second sound is exactly slow
wave mode.
3 Derivation of general equations
In this section we will derive the general equations which govern the propaga-
tion of longitudinal and shear waves in a superfluid-saturated, homogeneous
and isotropic porous media.
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Let us consider a unit cube of superfluid-filled, macroscopically homo-
geneous and isotropic porous solid as an element. The element is assumed
to be large as compared to pore sizes, but small compared to a wavelength.
In this case, the element is described by the average displacement of the
normal fluid component ~un, the superfluid component ~us, and the solid ~u
parts.
Following [1], let us introduce the Lagrangian viewpoint and the concept
of generalized coordinates. The Lagrangian coordinates are chosen as the
nine average displacement components of both the solid and the fluid i.e.
ux, uy, uz, usx, usy, usz, unx, uny, unz.
The kinetic energy T of the system per unit volume is [1]:
2T =
∑
i=x,y,z
(
ρ11
[
∂ui
∂t
]2
+ ρs22
[
∂usi
∂t
]2
+ ρn22
[
∂uni
∂t
]2
+
2ρs12
[
∂ui
∂t
∂usi
∂t
]
+ 2ρn12
[
∂ui
∂t
∂uni
∂t
])
; (22)
here we take into account that the directions x, y, z are equivalent and un-
coupled dynamically. We can express ρ11, ρ
s
22
, ρn
22
, ρs
12
and ρn
12
in terms
of directly measurable coefficients. Calculations quite similar to [1] for ρ11,
ρs22, ρ
n
22, ρ
s
12, ρ
n
12 density coefficients give (see also [4]):
ρ11 = (1− β)ρsol − ρ
s
12 − ρ
n
12;
ρs22 = βρs − ρ
s
12;
ρn22 = βρn − ρ
n
12;
ρs12 = (1− α)βρs;
ρn12 = (1− α)βρn; (23)
From (23) one can calculate ρ11, ρ
s
22, ρ
n
22, ρ
s
12 and ρ
n
12 using the directly
measurable coefficients. β is the porosity(fluid volume fraction); ρsol is the
density of the solid; α is a purely geometrical quantity independent of solid
and fluid densities; α = n2 where n is the index of refraction [4].
The ρs12(ρ
n
12) coefficient represents a mass coupling parameter between
the solid and the superfluid(normal) components. As ρs and ρn can move
independently, the mass coupling parameter between the superfluid and the
normal components is identically zero.
Let us assume that system is in equilibrium being at rest, therefore any
displacement is a deviation from a state of minimum potential energy. Then
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the potential energy W per unit volume of the system is given by [1]:
2W = σxex + σyey + σzez + τxγx + τyγy + τzγz + σsǫs + σnǫn; (24)
here, the generalized procedure of the classical theory of elasticity has been
used [9]. W is expressed in terms of the strain and stress components.
The stress tensor in the porous material is:
 σx + σs + σn τz τyτz σy + σs + σn τx
τy τx σz + σs + σn


σx, σy, σz, τx, τy, τz components of the stress tensor are the forces applied to
the portion of the cube faces occupied by the solid. Note, that the fraction
of solid area per unit cross section is (1−β) [1]. In stress tensor we formally
separate the forces σs and σn acting respectively on the normal component
and the superfluid component ”parts” of each face of the cube. The ”frac-
tion” of the superfluid(normal) component area per unit cross section is
βρs/ρh (βρn/ρh). Besides, σ = σs + σn; σ is the force acting on the fluid
part of each face of the cube. The fraction of the fluid area per unit cross
section is β.
The strain tensor in the solid is:
 ex
1
2
γz
1
2
γy
1
2
γz ey
1
2
γz
1
2
γy
1
2
γx ez


with ex = ∂ux/∂x etc. and γz = ∂ux/∂y + ∂uy/∂x etc.
In the first approximation the stress components are linear functions
of the strain components. The stress-strain relations for superfluid-filled,
statistically isotropic porous media can be expressed as [1]:
σx = 2Nex +Ae+Qsǫs +Qnǫn;
σy = 2Ney +Ae+Qsǫs +Qnǫn;
σz = 2Nez +Ae+Qsǫs +Qnǫn;
τx = Nγx; τy = Nγy; τz = Nγz;
σs = Qse+Rsǫs +Rsnǫn;
σn = Qne+Rsnǫs +Rnǫn; (25)
where
e = ex + ey + ez.
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Note that, because of (25) describes elastic properties of coupled system
of the porous solid and He II, the coefficients Rs, Rn, Rsn differ from R
h
s ,
Rhn, R
h
sn. But the relations derived in Section II are still satisfied. Indeed,
it is clear that one can consider porous solid as a vessel. So, we can iden-
tify “unjacketed compressibility test” and “second compressibility test” in
Section II with the unjacketed compressibility test and the second jacketed
compressibility test considered in the next section respectively. In Section
IV we use some of the relations derived in Section II.
It should be pointed out that thermodynamic parameters of He II in the
porous media and the ones of bulk He II may differ from each other (ρn for
example) [3].
The thermal expansion coefficient of He II is too small and we can neglect
it. Besides, we neglect the heat exchange between the solid and He II. This
is a reasonable assumption if the wave frequency is not too small. Under
this assumptions it is clear that between the solid and He II forces caused
by temperature gradients do not exist. So, forces between the solid and He
II have “mechanical origin”. The two last terms in the first equation from
(25), for instance, describe the interaction of the superfluid component and
the normal component with the solid [1]. Because of He II interacts with
the porous solid “as a whole” we have:
Qsǫs +Qnǫn = Qǫ;
and using (4) one gets:
Qs =
ρs
ρh
Q; Qn =
ρn
ρh
Q; (26)
Now we are ready to write down the general wave equations. The cal-
culations following the procedure of ref.[1] gives the equations for the wave
propagation in a superfluid-saturated porous media. Using (22),(25) and
(26) from Lagrange’s equations we derive:
N ~∇2~u+ (A+N)~∇e+
ρs
ρh
Q~∇ǫs +
ρn
ρh
Q~∇ǫn =
=
∂2
∂t2
(ρ11~u+ ρ
s
12~us + ρ
n
12~un);
ρs
ρh
Q~∇e+Rs~∇ǫs +Rsn~∇ǫn =
∂2
∂t2
(ρs12~u+ ρ
s
22~us);
ρn
ρh
Q~∇e+Rn~∇ǫn +Rsn~∇ǫs =
∂2
∂t2
(ρn12~u+ ρ
n
22~un); (27)
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here ~∇ is the nabla operator.
Because of the statistical isotropy of the material, the rotational waves
are separated from the longitudinal waves and obey independent equations
of propagation [1].
Applying the divergence operator to the set of equations (27) we obtain:
~∇2
(
Pe+
ρs
ρh
Qǫs +
ρn
ρh
Qǫn
)
=
∂2
∂t2
(ρ11e+ ρ
s
12ǫs + ρ
n
12ǫn);
~∇2
(
ρs
ρh
Qe+Rsǫs +Rsnǫn
)
=
∂2
∂t2
(ρs12e+ ρ
s
22ǫs);
~∇2
(
ρn
ρh
Qe+Rsnǫs +Rnǫn
)
=
∂2
∂t2
(ρn12e+ ρ
n
22ǫn); (28)
with
P = A+ 2N
Equations (28) govern the propagation of longitudinal waves.
Applying the rot operator to equations (27) we obtain:
N ~∇2~ω =
∂2
∂t2
(ρ11~ω + ρ
s
12~ωs + ρ
n
12~ωn);
0 =
∂2
∂t2
(ρs12~ω + ρ
s
22~ωs);
0 =
∂2
∂t2
(ρn12~ω + ρ
n
22~ωn); (29)
with the definitions
~ω = rot ~u; ~ωs = rot ~us; ~ωn = rot ~un;
Equations (29) govern the propagation of pure rotational(shear) waves.
When ρs = 0 or ρn = 0 equations (28), (29) reduces to the set of equa-
tions obtained by Biot [1]. Besides when β = 1 and KB = N = 0 (the case
of bulk He II) (28), (29) reduce to (19).
Equations (28),(29) describe the propagation of longitudinal and shear
waves in a superfluid-saturated, homogeneous and isotropic porous media
in the long wavelength limit when all damping processes are neglected.
Note that using results the of [1] and [5] one can easily incorporate
the effect of the wave attenuation due to finite viscousity of the normal
component in these equations.
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4 Calculation of the coefficients
To make the theory useful we must express coefficients N,A,Q,Rs, Rn, Rsn
in terms of directly measurable ones [8].
The coefficient N represents the shear modulus of the bulk material,
which is directly measurable. A,Q,Rs, Rn, Rsn can be expressed in terms of
directly measurable coefficients by considering three compressibility tests.
In the absence of electrochemical interfacial effect between fluid and solid
A,Q,Rsn, Rs, Rn and N are independent of what fluid is in the pores, in-
cluding vacuum [4]; we assumed this through this paper.
In the “unjacketed” compressibility test, a sample of the material is
immersed in a fluid to which a pressure p is applied (see Fig. 3). Then the
adiabatic bulk modulus of solid KS is determined by:
1
KS
= −
e
p
. (30)
In this case (6) takes place, thus fluid pressure has only “mechanical
origin” and in (25) we have [8]:
σx = σy = σz = −(1− β)p;
σs = −β
ρs
ρh
p;
σn = −β
ρn
ρh
p. (31)
And from (25),(26) and (31) we get:
− (1− β)p =
2
3
Ne+Ae+
ρs
ρh
Qǫs +
ρn
ρh
Qǫn;
−β
ρs
ρh
p =
ρs
ρh
Qe+Rsǫs +Rsnǫn;
−β
ρn
ρh
p =
ρn
ρh
Qe+Rsnǫs +Rnǫn; (32)
Using (30) from (32) we get:
KS =
(A+ (2/3)N)Z1 −Q
2Z2
(1− β)Z1 − βQZ2
; (33)
where
Z1 = RsRn − (Rsn)
2;
Z2 =
ρ2s
ρ2h
Rn − 2
ρsρn
ρ2h
Rsn +
ρ2n
ρ2h
Rs; (34)
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Besides, (30) and the two last equations from (32) give:
Rs =
(
β −
Q
KS
)
ρs
ρh
Kf −Rsn;
Rn =
(
β −
Q
KS
)
ρn
ρh
Kf −Rsn; (35)
here we have used (6) and (9) as well.
In the first “jacketed” compressibility test, a sample of the material is
enclosed in a thin impermeable jacket and then subjected to an external
fluid pressure p. The fluid inside the jacket can escape through a tube in
the reservoir of He II (see Fig. 4), so the fluid pressure is exactly zero. The
adiabatic bulk modulus of the skeletal frame KB is:
1
KB
= −
e
p
; (36)
and in (25) we have [8]:
σx = σy = σz = −p;
σs = σn = 0. (37)
And from (25),(26) and (37) we have:
− p =
2
3
Ne+Ae+
ρs
ρh
Qǫs +
ρn
ρh
Qǫn;
0 =
ρs
ρh
Qe+Rsǫs +Rsnǫn;
0 =
ρn
ρh
Qe+Rsnǫs +Rnǫn; (38)
Using (36) from (38) we get:
KB =
(A+ (2/3)N)Z1 −Q
2Z2
Z1
; (39)
where Z1 and Z2 are given by (34).
In the second “jacketed” compressibility test only the superfluid compo-
nent is allowed to escape through a superleak in the reservoir of He II (see
Fig. 5). An applied external pressure squeeze out some of the superfluid
component; so the temperature of He II in the pores increases and mechano-
caloric effect [3] takes place. In this case the bulk modulus of the skeletal
frame with the normal fluid component KH is defined by:
1
KH
= −
e
p
. (40)
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Since only the superfluid component is allowed to escape through the super-
leak, the effective frame here includes both the solid and the normal fluid
component. Because of the superfluid component and the normal compo-
nent can not be physically separated, the definition of the bulk modulus of
the effective frame is formal. But let us point out that KH does not enter
into final equations (44); so this problem is irrelevant in this case.
Let us note again that we neglect the heat exchange between the porous
solid and He II. In general this is not the case. But recall that we consider
the wave processes in a porous medium. And, if the wave frequency is not
too small, the heat exchange between the porous solid and He II during
times of order of the wave period is negligible (adiabatic process). Besides,
we neglect the thermal expansion coefficient of He II (see Section II). So,
the response of the sample on the external pressure p simply is a sum of the
purely “mechanical response” of the solid and the purely “thermal response”
of the normal fluid component. Thus, we can represent the external pressure
as follows: p = (p−βp′)+βp′. The first term in this sum corresponds to the
purely “mechanical response” of the solid, and the second term in this sum
corresponds to the purely “thermal response” of the normal fluid component.
In this case in (25) we have:
σz = σy = σz = −(1− β
′)p;
σs = 0;
σn = −β
′p; (41)
here β′ = β(p′/p) is the measure of the “thermal response” of the effective
frame. If we neglect the mechano-caloric effect β′ = 0 and this case reduces
to the first compressibility test.
From (25),(26) and (41) we get:
− (1− β′)p =
2
3
Ne+Ae+
ρs
ρh
Qǫs +
ρn
ρh
Qǫn;
0 =
ρs
ρh
Qe+Rsǫs +Rsnǫn;
−β′p =
ρn
ρh
Qe+Rsnǫs +Rnǫn; (42)
Using (40) and two last equations from (42) we can write:
0 = −
ρs
ρh
Q
p
KH
+Rs
Rhsn
Rhs
p′
Kn
−Rsn
p′
Kn
;
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−β′p = −
ρn
ρh
Q
p
KH
+Rsn
Rhsn
Rhs
p′
Kn
−Rn
p′
Kn
; (43)
here we have used (13) and (12) as well.
Finally (33),(39) with (35),(43) and (17),(18) directly give:
A =
(1− β) (1− β − (KB/KS)) + β(KS/Kf )KB
1− β − (KB/KS) + β(KS/Kf )
−
2
3
N ;
Q =
(1− β − (KB/KS)) βKS
1− β − (KB/KS) + β(KS/Kf )
;
Rs =
β2KS
1− β − (KB/KS) + β(KS/Kf )
ρ2s
ρ2h
+ β
ρhS
2T
C
ρ2s
ρ2h
;
Rn =
β2KS
1− β − (KB/KS) + β(KS/Kf )
ρ2n
ρ2h
+ β
ρhS
2T
C
ρ2s
ρ2h
;
Rsn =
β2KS
1− β − (KB/KS) + β(KS/Kf )
ρsρn
ρ2h
− β
ρhS
2T
C
ρ2s
ρ2h
; (44)
where Kf ,KS ,KB and N are the directly measurable coefficients. This is
the desired result.
When ρs = 0 or ρn = 0, (44) reduces to the set of equations obtained by
Biot and Willis [8]. Besides, when β = 1 and KB = N = 0 (the case of bulk
He II), equation (44) reduces to (18).
5 Particular solutions
Equations (28) and (29) describe the propagation of longitudinal and shear
waves in a superfluid-saturated, homogeneous and isotropic porous media
in the long wavelength limit when all damping processes are neglected. The
general solutions of these equations will be discussed elsewhere. Here, we
consider only the most important particular solutions when
~u = ~un. (45)
Physically this means that the normal fluid component is locked inside a
porous medium by viscous forces and therefore there is no relative motion
between the normal fluid component and the porous solid. This case is
realized in high-porosity aerogels, for example.
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Because of (45) we added together the first and last equations of (28).
Then, we obtain:
~∇2
(
[P + 2
ρn
ρh
Q+Rn]e+ [
ρs
ρh
Q+Rsn]ǫs
)
=
=
∂2
∂t2
([ρ11 + 2ρ
n
12 + ρ
n
22]e+ ρ
s
12ǫs) ;
~∇2
(
[
ρs
ρh
Q+Rsn]e+Rsǫs
)
=
∂2
∂t2
(ρs12e+ ρ
s
22ǫs) . (46)
Similarly, from (29) and (45) we obtain:
N ~∇2~ω =
∂2
∂t2
([ρ11 + 2ρ
n
12 + ρ
n
22]~ω + ρ
s
12~ωs) ;
0 =
∂2
∂t2
(ρs12~ω + ρ
s
22~ωs). (47)
Equations (46) and (47) describe the propagation of longitudinal and
shear waves respectively, when the normal fluid component is locked inside
a porous solid.
It is convenient to introduce the following definitions:
P ′ = P + 2
ρn
ρh
Q+Rn;
Q′ =
ρs
ρh
Q+Rsn;
ρ′ = ρ11 + 2ρ
n
12 + ρ
n
22. (48)
Let us consider equations (46) for the longitudinal waves. The solutions
of these equations with ~k wave vector are written in the form
e = C1 exp[i~k(~r + ~V t)];
ǫs = C2 exp[i~k(~r + ~V t)]; (49)
where ~V is the velocity of these waves; C1 and C2 are real constants. The
velocity ~V is determined by substituting (49) into (46). There are two modes
of longitudinal waves: the fast and the slow waves, with Vf and Vs velocities
respectively [1]. The velocities of propagation Vf,s of fast and slow waves
are given by:
V 2f,s =
G±
[
G2 − 4
(
ρ′ρs22 − (ρ
s
12)
2
)
(P ′Rs − (Q
′)2)
] 1
2
2 (ρ′ρs
22
− (ρs
12
)2)
; (50)
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with
G = P ′ρs22 +Rsρ
′ − 2Q′ρs12;
The fast wave corresponds to the solid with locked normal fluid compo-
nent and the superfluid component moving in phase, and the slow wave
corresponds to solid with locked normal fluid component and the superfluid
component moving in opposite phase. Using the formula (50) we examine
the dependence of Vf,s upon the temperature. In Fig. 6, Fig. 7 and Fig. 8
fast and slow wave velocities as a function of temperature are presented for
porosities 0.7, 0.98 and 0.99 respectively (see Section VI for discussion).
From (46) for fast and slow wave amplitudes we have [1]:
C2 f,s = −Df,sC1 f,s; (51)
where
Df,s =
V 2f,s ρ
′ − P ′
V 2f,s ρ
s
12
−Q′
;
Using (15) from (49) and (51) we can write down expression for temperature
gradient oscillations (recall that ǫn = e, in this case):
∆Tf,s = (∆Tf,s)max exp[i~k(~r + ~Vf,st) + iπ]; (52)
where
(∆Tf,s)max = C1 f,s (1 +Df,s)
ρs
ρh
ST
C
;
(∆Tf,s)max is the temperature oscillations amplitude. The sign of (∆Tf,s)max
determines the relative phase of ∆Tf,s and e (see equations (49) and (52)).
If (∆Tf,s)max is positive, ∆Tf,s and e oscillate with opposite phase; and if
(∆Tf,s)max is negative, ∆Tf,s and e oscillate in phase. It must be noted that
(∆Ts)max is always positive; (∆Tf )max can be positive or negative.
Using the formula (52) we examine the dependence of (∆Tf,s)max upon
the temperature. In Fig. 6, Fig. 7 and Fig. 8 temperature oscillations
amplitudes for fast and slow waves as a function of temperature are presented
for porosities 0.7, 0.98 and 0.99 respectively (see Section VI for discussion).
We see that (∆Tf )max is positive in Fig. 6, but is negative in Fig. 7 and
Fig. 8.
It is interesting that, in contrast with bulk He II (see Section II), even
for fast wave ǫs 6= ǫn(= e) [1] in general. So, fast wave as well as slow wave
is accompanied by temperature oscillations in general. In the case of bulk
He II, when β = 1 and KB = N = 0, equation (52) gives that ∆Tf ≡ 0; so
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temperature oscillations do not accompany first sound, as we have expected
(see Section II).
Let us now consider equations (47) for the shear waves. From (47) it is
easy to see that there is only one type of shear wave [1]. The velocity of
propagation of these waves Vsh is
Vsh =
[
N
ρ′ (1− (ρs
12
)2/(ρ′ρs
22
))
] 1
2
. (53)
Using the formula (53) we examine the dependence of Vsh upon the tempera-
ture. In Fig. 6, Fig. 7 and Fig. 8 the shear wave mode velocity as a function
of temperature is presented for porosities 0.7, 0.98 and 0.99 respectively (see
Section VI for discussion).
Note that, as ρs12 6= 0, the rotation of the solid with locked normal fluid
component ~ω is coupled to the rotation of the superfluid component ~ωs
according to the relation
~ωs = −
ρs12
ρs
22
~ω; (54)
and therefore, ~ωs 6= 0 [1]. Equation (54) shows that the rotation of the solid
with locked normal fluid component and the superfluid component are in
the same direction.
Equations (50) and (53) give the velocities of propagation of longitudinal
and shear waves in a superfluid-saturated porous media, when the normal
fluid component is locked inside the porous solid. If Kf ,KS ,KB and N
will be measured, then one can determine the velocities of propagation of
fast, slow and shear waves from (50) and (53). It should be noted that
equations (50) and (53) differ from the equations obtained by Biot [1] and
contain significant new physics. Indeed, Biot’s results do not contain forces
caused by temperature gradients. In fact, in the case of superfluid-filled
porous media Biot’s results are not valid. Johnson [4] has shown that in the
rigid frame at low temperatures (T < 1.1K) fourth sound is exactly Biot’s
slow wave. However, at low temperatures the hydrodynamical description
breaks down [3] and comparison to Biot’s model should be made at higher
temperatures [5]. So, we conclude that in all physically interesting cases
Biot’s equations are not applicable to superfluid-filled porous media.
Examples of physical systems to which equations (50) and (53) can be
applied are superleak of porous vycor glass and high-porosity aerogels (e.g.
silica aerogels with porosities β > 0.9). Superleak of porous vycor glass
corresponds to a superfluid-solid system in the rigid frame limit (Kf ≪
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KS ,KB , N). The most interesting physical system, high-porosity aerogel,
corresponds to a superfluid-solid system in the weak frame limit(KB , N ≪
KS ,Kf ).
6 Discussion and conclusions
Now, let us discuss the results obtained in the previous sections. In Section
III and Section IV we derived the general equations (28),(29). These equa-
tions describe the propagation of longitudinal and shear wave in a superfluid-
saturated porous media when all damping processes are neglected. Equa-
tions (28) and (29) depend explicitly on the directly measurable parameters
of the porous solid and He II via relations (23) and (44). Equations (28),
(29) and (23), (44) reduce to the equations obtained by Biot [1],[8] when
ρs = 0 or ρn = 0. Besides, when β = 1;Kb = N = 0 these equations de-
scribe the sound propagation in bulk He II. From what one concludes that
these equations reduce correctly to Biot’s theory [1] and Landau’s theory of
sound propagation in bulk He II [3].
In Section V, we considered the case when the normal fluid component
is locked inside a porous media by viscous forces. It is shown that in this
case one shear wave and two longitudinal, fast and slow, waves exist. The
velocities of these waves Vf , Vs, Vsh are obtained.
Since equations (46) and (47) include pressures caused by thermal gra-
dients, they are more general in comparison with equations derived by Biot.
The only case when (46) and (47) reduce to the Biot’s equations is ρn = 0
(see also Section V).
Using (50), (52) and (53) we have plotted the examples of the wave
velocities and temperature oscillations amplitudes for fast and slow waves
as a function of temperature. In Fig. 6, Fig. 7 and Fig. 8 the plots are
presented for porosities 0.7, 0.98 and 0.99 respectively.
The bulk modulus and the mass density of the solid we choose arbitrarily
as KS = 4.07 · 10
10N/m2 and ρsol = 4 · 10
3kg/m3. For the bulk modulus of
the skeletal frameKB we have used the following relation KB = (1−β)
3.5KS
[10]. Poisson’s ratio of the skeletal frame is assumed to be 0.2, thus for the
shear modulus of the solid we have N = (3/4)KB . When the porosity is not
small α is given by α = 2− β [4].
In the present paper the parameters of bulk He II [11] are used for
numerical estimations. But we note that the thermodynamic parameters of
HeII in the porous media and the ones of bulk HeII may differ from each
20
other (ρn for example) [3].
Figure 6 shows the behaviour of the fast, slow and shear wave velocities as
a function of temperature for porosity β = 0.7. Moreover, the temperature
oscillations amplitudes for fast and slow waves (∆Tf )max and (∆Ts)max
are presented as well. In this paper we have assumed that the temperature
oscillations amplitude is about∼ 0.1K, so for C1f and C1s we choose C1f = 1
and C1s = 3 · 10
−3.
The plots presented in Fig. 6 are typical for β < 0.9. For these porosities
Kf ≪ KS ,KB , N ; so we have a superfluid-solid system in the rigid frame
limit. In this limit the fast wave and shear wave velocities decrease when
porosity increases. Besides, the slow wave mode is exactly fourth sound. We
can show this even analytically.
In the limit of the rigid frame the expressions (50) for the fast and slow
wave are greatly simplified. In this case Kf ≪ KS ,KB , N and therefore
V 2f =
[
KB + (4/3)N
(1− β)ρsol + βρh − (1/α)βρs
]
;
V 2s =
1
α
(
ρs
ρh
V 21 +
ρn
ρh
V 22
)
; (55)
here V1 and V2 are given by (21).
The slow wave corresponds only to the oscillation of the superfluid com-
ponent (rigid frame) and Vs is the well-known velocity of fourth sound [3]
renormalized by the tortuous, branching path of pore space [4]; i.e. fourth
sound is exactly Biot’s slow mode.
In the limit T → 0 when there is no the normal fluid component and we
have (ρs/ρh) = 1, equations (55) are identical to the corresponding expres-
sions obtained in ref.[4].
We see from Fig. 6 that in the fast wave mode (∆Tf )max > 0 in the
limit of rigid frame. In the slow wave mode always (∆Ts)max > 0 (see Fig.
6, Fig. 7 and Fig. 8). In addition let us note that, in contrast with Vf and
Vsh, slow wave velocity Vs does not depend on ρsol, KB and N .
In Fig. 7 and Fig. 8 we present behaviour of the fast, slow and shear
wave velocities as a function of temperature for porosities β = 0.98 and
β = 0.99 respectively. Moreover, the temperature oscillations amplitudes
for fast and slow waves (∆Tf )max and (∆Ts)max are presented as well. For
C1f and C1s we choose C1f = 10
−1 and C1s = 3 · 10
−1.
The plots presented in Fig. 7 and Fig. 8 are typical for β > 0.9. For
these porosities KB , N ≪ KS ,Kf ; so we have a superfluid-solid system in
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the weak frame limit. In this limit, in contrast with β < 0.9 (rigid frame),
the slow wave velocity Vs depends on ρsol, KB and N .
Fig. 7 shows that Vs is less compared with fourth sound velocity, but
still is larger than second sound velocity.
In Fig. 8 we see that the behaviour of Vs near Tλ is almost the same as in
Fig. 7. But at low temperatures Vs becomes considerably less than second
sound velocity. For porosities β > 0.99 slow wave velocity Vs increases
smoothly when β increases; and when porosity reaches β = 1 the slow wave
mode is exactly second sound.
Fast wave velocity Vf decreases when the porosity increases for β < 0.95
(it becomes even less than first sound velocity); and Vf increases when the
porosity increases for β > 0.95. In Fig. 7 and Fig. 8 Vf is less than first
sound velocity. For β = 1 fast wave is exactly first sound. The shear wave
mode velocity Vsh decreases when the porosity increases. Note that in Fig.
7 and Fig. 8 Vsh is less than Vs. For β = 1 the shear wave velocity is zero.
From Fig. 7 and Fig. 8 we can see that in the fast wave mode (∆Tf )max <
0 in the limit of weak frame. When porosity is exactly β = 1 (the case of
bulk He II), the temperature oscillations amplitude in the fast wave mode
is zero (also see Section V).
The limit of weak frame is the most interesting and important application
of our theory. Indeed, in recent years the investigation of the behaviour of
superfluids in aerogels has attached increasing attention (for example, see
[12],[13],[14]). Aerogels are highly open porous solids with porosities β > 0.9
(e.g. silica aerogels). The mean pore diameter in aerogels is about 20nm,
so the normal fluid component is clamped in the frame by viscous forces.
Besides, high-porosity aerogels have very small bulk and shear modulus and
are highly compliant. That is why in the superfluid-filled aerogels pressures
caused by thermal gradients play a crucial role, in contrast to other porous
solids. Thus, one should describe wave processes in high-porosity aerogels
using equations (46) and (47).
We point out that the theory of sound propagation in aerogels has been
developed in ref.[12]. These authors modified the conventional two fluid hy-
drodynamic equations and derived an expression (see equation (8) in ref.[12])
which gives the longitudinal wave velocity in superfluid-filled aerogels, but
does not give the shear wave velocity. It must be noted that equation (8) in
ref.[12] is incorrect. To show this we remark the following.
The longitudinal wave velocity in any solid (in aerogel in the case of
ref.[12]) is given by [(Ka + (4/3)Na) / ρa]
1/2; [15]. Here Ka, Na and ρa are
the bulk modulus, the shear modulus and the mass density of the solid,
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respectively. In [12] the term (4/3)Na/ρa is omitted (see the equation (5)
in ref.[12]). This is justified if Na/Ka ≪ 1. In the case of aerogels Poisson’s
ratio equals ∼ 0.2 and is independent of density [16],[10]. This means that
Na/Ka ∼ 1 and the term (4/3)Na/ρa in the longitudinal wave velocity is
not negligible.
Besides, in the limit ρa →∞ equation (8) in ref.[12] suggests that in the
superfluid-filled porous media one of the modes of sound propagates with
velocity Ca, where Ca is given by equation (5) in ref.[12], which is incorrect
(see [15]).
In conclusion, we have derived the general equations which describe the
propagation of longitudinal and shear waves in a superfluid-filled, homo-
geneous and isotropic porous media in the long wavelength limit when all
damping processes are neglected. The most important case when the normal
fluid component is locked inside a porous media by viscous forces is inves-
tigated in detail. It is shown that, in this case, one type of shear wave and
two types of longitudinal, fast and slow wave, propagation are possible. The
velocities of these waves are obtained. Our results reduce to the well-known
equations in the appropriate limits. We have also demonstrated that the
formalism developed by Biot may be applied to the wave processes in He
II. It is shown that fourth sound, as well as second sound in bulk He II is
exactly Biot’s slow wave. In addition, we remark that the results derived
in this paper may be applied to the porous media saturated with superfluid
3He as well.
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FIGURE CAPTIONS :
Fig. 1. The “unjacketed compressibility test” for bulk He II. A pressure
p is applied to a volume of He II in a vessel. In this case none of the fluid
components is allowed to escape from vessel.
Fig. 2. The “second jacketed compressibility test” for bulk He II. A
pressure p′ is applied to He II in a vessel. The applied external pressure
squeeze out some of the superfluid component through the superleak into
the reservoir of He II. As a consequence temperature difference between the
fluid in the vessel and the reservoir of He II exists.
Fig. 3. The “unjacketed” compressibility test. A pressure p is applied to
a sample of the superfluid-filled porous solid. In this case none of the fluid
components is allowed to escape into the reservoir of He II.
Fig. 4. The first “jacketed” compressibility test. A pressure p is applied
to a sample of the superfluid-filled porous solid. The applied external pres-
sure squeeze out some of the fluid through the tube into the reservoir of He
II. In this case both of the fluid components are allowed to escape into the
reservoir of He II. Thus, no temperature difference between the superfluid
in the porous solid and the reservoir of He II exists.
Fig. 5. The second “jacketed” compressibility test. A pressure p is ap-
plied to a sample of the superfluid-filled porous solid. The applied external
pressure squeeze out some of the superfluid component through the super-
leak into the reservoir of He II. In this case only the superfluid component is
allowed to escape into the reservoir of He II. As a consequence temperature
difference between the superfluid in the porous solid and the reservoir of He
II exists.
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Fig. 6. The velocities and the temperature oscillations amplitudes as a
function of temperature for fast and slow waves; and the shear wave velocity
as a function of temperature. β = 0.7, C1f = 1 and C1s = 0.003; KS = 4.07·
1010N/m2 and ρsol = 4 · 10
3kg/m3; KB = (1 − β)
3.5KS and N = (3/4)KB ;
α = 2 − β. Here the parameters of bulk He II are used for numerical
estimations.
Fig. 7. The velocities and the temperature oscillations amplitudes as a
function of temperature for fast and slow waves; and the shear wave velocity
as a function of temperature. β = 0.98, C1f = 0.1 and C1s = 0.3; KS = 4.07·
1010N/m2 and ρsol = 4 · 10
3kg/m3; KB = (1 − β)
3.5KS and N = (3/4)KB ;
α = 2 − β. Here the parameters of bulk He II are used for numerical
estimations.
Fig. 8. The velocities and the temperature oscillations amplitudes as a
function of temperature for fast and slow waves; and the shear wave velocity
as a function of temperature. β = 0.99, C1f = 0.1 and C1s = 0.3; KS = 4.07·
1010N/m2 and ρsol = 4 · 10
3kg/m3; KB = (1 − β)
3.5KS and N = (3/4)KB ;
α = 2 − β. Here the parameters of bulk He II are used for numerical
estimations.
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